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FUNDAMENTAL THEOREM OF SPACELIKE CURVES IN
LORENTZ-MINKOWSKI SPACE
ATSUFUMI HONDA
Abstract. In Lorentz-Minkowski 3-space, the fundamental theorem of space-
like curves is known, if they have spacelike, timelike or lightlike curvature
vector fields. However, such a theory cannot be applied to spacelike curves
with type-changing curvature vector field. To fill the gap, in this paper, we
introduce the pseudo-torsion functions along spacelike curves whose curvature
vector field has isolated lightlike points, and prove the fundamental theorem
for them. As an application, we obtain a necessary and sufficient condition for
real analytic spacelike curves to be planar.
1. Introduction
We denote by L3 the Lorentz-Minkowski 3-space equipped with the Lorentzian
inner product 〈 , 〉. Consider a spacelike regular curve γ : I → L3, where I is an
open interval. Without loss of generality, we may assume that γ is parametrized
by arclength, that is, 〈γ′(s), γ′(s)〉 = 1 holds for all s ∈ I, where the prime means
d/ds. Then, we call
κ(s) := γ′′(s)
the curvature vector field along γ(s). Although the tangent vector γ′(s) is spacelike,
κ(s) may be spacelike, timelike, or lightlike. We list the known results concerning
curves in L3 depending on the causal characters of κ(s) as follows:
• In the case that κ is not lightlike on I, the curvature and torsion functions
can be defined as in the case of Euclidean 3-space. Then, the Frenet-Serret
type formula is obtained, which yields the fundamental theorem for such
spacelike curves [15, 11] (cf. §2.2.1, §2.2.2). However, if κ admits a lightlike
point, such a procedure cannot be proceeded.
• In the case that κ(s) is lightlike for each s ∈ I, although the Frenet frame
cannot be defined in a similar manner, one can define another frame which
satisfies the Frenet-Serret type formula. The fundamental theorem for such
spacelike curves also holds. For more precise, see [15, 9, 11] (cf. §2.2.3).
• With respect to timelike or lightlike curves, for a timelike curve γ : I → L3,
one can consider the curvature vector field κ in a similar way. Since κ is
always spacelike, the curvature and torsion functions can be defined in the
usual way [15, 11]. Also, for a non-degenerate lightlike curve, a suitable
frame can be defined [2, 7, 4, 10, 11] (see also [14, 15, 5, 12, 1]). In [6],
another treatment of the curvatures of curves in semi-Euclidean space is
given.
Hence, we may say that the previous studies have not clarified the structure of
spacelike curves whose curvature vector field κ(s) has isolated lightlike points.
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In this paper, we deal with spacelike curves whose curvature vector field κ(s) has
isolated lightlike points called spacelike curves of type Lk (see Definition 2.3). An
example of a spacelike curve of type L1 is exhibited in [11, Remark 2.2] (cf. Example
3.6). We introduce a torsion-like invariant called the pseudo-torsion function along
spacelike curves of type Lk. As an application, analyzing the behavior of the
torsion function near the point s0 at which κ(s) is lightlike, we give a necessary
and sufficient condition for real analytic spacelike curves with non-zero curvature
vector to be planar.
This paper is organized as follows. In Section 2, we review the several formulas of
vectors and curves in the Lorentz-Minkowski 3-space L3. In Section 3, we deal with
spacelike curves of type Lk. The main idea of this paper is to apply the division
lemma to the formula of vector product (see Lemma 3.3). Finally, in Section 4, we
consider the planarity condition of spacelike curves.
2. Preliminaries
We denote by L3 the Lorentz-Minkowski 3-space with the standard Lorentz
metric 〈 , 〉. Namely,
〈x,x〉 = x2 + y2 − z2
holds for each x = (x, y, z)T ∈ L3, where xT stands for the transpose of the column
vector x. A vector x ∈ L3 is called spacelike if 〈x,x〉 > 0 or x = 0. Similarly, if
〈x,x〉 < 0 (resp. 〈x,x〉 = 0), x is called timelike (resp. lightlike). For x ∈ L3, we
put |x| :=
√
| 〈x,x〉 |.
For vectors v,w ∈ L3, the vector product v ×w is given by
(2.1) v ×w := Zv ×e w,
where ×e means the standard cross product of the Euclidean 3-space R3. Then, it
holds that
det(u,v,w) = 〈u,v ×w〉 ,(2.2)
u× (v ×w) = 〈u,v〉w − 〈u,w〉v,(2.3)
〈v ×w,v ×w〉 = −〈v,v〉 〈w,w〉+ 〈v,w〉2(2.4)
for u,v,w ∈ L3. In particular, v ×w is orthogonal to v and w. To calculate the
vector product of a lightlike vector, the following formula is useful.
Fact 2.1 ([8, Lemma 4.3]). Let v ∈ L3 be a spacelike vector. Take a lightlike vector
w ∈ L3 such that 〈v,w〉 = 0. Then, either v×w = |v|w or v×w = −|v|w holds.
The isometry group of L3 is described as the semidirect product Isom(L3) =
O(2, 1)⋉ L3, where O(2, 1) is the Lorentz group which consists of square matrices
A of order 3 such that ATZA = Z, where Z = diag(1, 1,−1). We set SO(2, 1) and
SO+(2, 1) as
SO(2, 1) := {A ∈ O(2, 1) ; detA = 1} ,
SO+(2, 1) := {A = (aij) ∈ SO(2, 1) ; a33 > 0} ,
respectively. Orientation-preserving isometries form the subgroup SO(2, 1)⋉L3 of
the isometry group Isom(L3).
2.1. Spacelike curves in L3. Let I be an open interval. A regular curve γ : I →
L
3 is called spacelike if each tangent vector is spacelike. By a coordinate change,
we may assume that γ is parametrized by arclength. That is, e(s) := γ′(s) gives
the unit spacelike tangent vector field, where the prime means d/ds. As in the
introduction, we call κ(s) := γ′′(s) the curvature vector field along γ(s). If κ(s) is
nowhere zero, then γ(s) is said to be of non-zero curvature vector.
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In a general parametrization γ = γ(t), the curvature vector field is written as
κ(t) =
|γ˙(t)|2γ¨(t) − 〈γ˙(t), γ¨(t)〉 γ˙(t)
|γ˙(t)|4 =
γ˙(t)× (γ˙(t)× γ¨(t))
|γ˙(t)|4 ,
where the dot means d/dt. Here, we used (2.3). So we have the following:
Lemma 2.2. Let γ(t) be a spacelike curve in L3, which may not be of unit speed.
Then, γ(t) has non-zero curvature vector if and only if γ˙(t)× γ¨(t) 6= 0.
From now on, we assume that every spacelike curve is parametrized by arclength.
To measure the causal character of the curvature vector field κ(s), set
θ(s) := 〈κ(s),κ(s)〉 (= 〈γ′′(s), γ′′(s)〉).
We call θ(s) the causal curvature function along γ(s).
Definition 2.3. Let γ : I → L3 be a unit speed spacelike curve with non-zero
curvature vector κ(s) 6= 0. Let θ(s) be the causal curvature function, and let k ∈ Z
be a positive integer. Then, γ(s) is said to be
• of type S, if κ(s) is a spacelike vector field, that is θ(s) > 0 holds on I,
• of type T , if κ(s) is a timelike vector field, that is θ(s) < 0 holds on I,
• of type L, if κ(s) is a lightlike vector field, that is θ(s) ≡ 0 holds on I,
• of type Lk at s0 ∈ I, if θ(s) satisfies the following:
θ(s0) = θ
′(s0) = · · · = θ(k−1)(s0) = 0, θ(k)(s0) 6= 0.
Remark that the type of a real analytic spacelike curve must be either S, T , L
or Lk (cf. Theorem 4.3).
2.2. Spacelike curves of type S, T , L. We here review the fundamental prop-
erties of spacelike curves of type S, T and L as explained in [11]. Let γ : I → L3 be a
spacelike curve parametrized by arclength. Denote by e(s) = γ′(s) (resp. κ(s) = γ′′(s))
the unit tangent vector field (resp. the curvature vector field) along γ(s). If γ is
type S or type T , the curvature function is given by
κ(s) := |κ(s)|
(
=
√
|θ(s)|
)
.
2.2.1. Type S. Let γ : I → L3 be a spacelike curve of type S. Then,
n(s) :=
1
κ(s)
κ(s), b(s) := −e(s)× n(s), τ(s) := 〈n′(s), b(s)〉
is respectively called the principal normal vector field, the binormal vector field,
the torsion function. The Frenet-Serret type formula is given as
(2.5) e′ = κn, n′ = −κe− τb, b′ = −τn.
Then, γ′′′ = (κn)′ = κ′n+ κ(−κe− τb) and κ2 = θ imply
(2.6) det(γ′, γ′′, γ′′′) = −θτ.
Since b is timelike, we have det(e,n, b) = 〈e× n, b〉 = 1.
2.2.2. Type T . Let γ : I → L3 be a spacelike curve of type T . Then,
n(s) :=
1
κ(s)
κ(s), b(s) := e(s)× n(s), τ(s) := 〈n′(s), b(s)〉
is respectively called the principal normal vector field, the binormal vector field,
the torsion function. The Frenet-Serret type formula is given as
(2.7) e′ = κn, n′ = κe+ τb, b′ = τn
Then, γ′′′ = (κn)′ = κ′n+ κ(κe+ τb) and κ2 = −θ imply
(2.8) det(γ′, γ′′, γ′′′) = −θτ
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Since b is spacelike, we have det(e,n, b) = 〈e× n, b〉 = 1.
2.2.3. Type L. Let γ : I → L3 be a spacelike curve of type L. By definition, κ(s)
is a lightlike vector field. Let β(s) be the vector field which satisfies
(2.9) 〈β(s),β(s)〉 = 〈e(s),β(s)〉 = 0, 〈κ(s),β(s)〉 = 1.
Such a vector field β(s) is uniquely determined. We call β(s) the pseudo-binormal
vector field. Then, µ(s) := −〈κ′(s),β(s)〉 is called the pseudo-torsion function1.
The Frenet-Serret type formula is given as
(2.10) e′ = κ, κ′ = −µκ, β′ = −e+ µβ.
Setting the frame F := (e, κ, β), the Frenet-Serret type formula is written as
F ′ = F

0 0 −11 −µ 0
0 0 µ

 .
3. Spacelike curves of type Lk
In this section, we investigate spacelike curves of type Lk. To define a torsion-like
invariant, we first show the existence of a vector field called the pseudo-binormal
vector field (Corollary 3.4). Then, we define the pseudo-torsion function, and show
the Frenet-Serret type formula (Proposition 3.5). The fundamental theorem of
spacelike curves of type Lk is also obtained (Theorem 3.8, Corollary 3.9). Finally,
we consider the asymptotic behavior of the torsion function near the point at which
the curvature vector is lightlike (Corollary 3.11).
3.1. Pseudo-torsion function and Frenet-Serret type formula. Let γ : I →
L
3 be a unit speed spacelike curve of type Lk at s0 ∈ I. Denote by e(s) = γ′(s)
(resp. κ(s) = γ′′(s)) the unit tangent vector field (resp. the curvature vector field)
along γ(s). The causal curvature function is given by θ(s) = 〈κ(s),κ(s)〉. By
Definition 2.3, we have θ(s0) = 〈κ(s0),κ(s0)〉 = 0, which implies that κ(s0) is a
lightlike vector. By Fact 2.1, e(s0)× κ(s0) = ǫκ(s0) holds for ǫ = ±.
Definition 3.1. Let γ : I → L3 be a spacelike curve of type Lk at s0 ∈ I. Then, γ
is said to be of type L+k (resp. type L
−
k ) if
e(s0)× κ(s0) = κ(s0) (resp. e(s0)× κ(s0) = −κ(s0))
holds.
Remark 3.2. If we reverse the orientation of the curve, L+k changes into L
−
k . More
precisely, if γ(s) is of type L+k , then γ˜(s) := γ(−s) is of type L−k .
We have the following:
Lemma 3.3. Let γ(s) be a spacelike curve of type Lǫk (ǫ = +,−) at s0 ∈ I. Then,
there exists a non-vanishing vector field βˆ(s) along γ(s) such that
e(s)× κ(s) = ǫκ(s) + (s− s0)k βˆ(s) (βˆ(s0) 6= 0)
holds.
1In [11], −µ(s) is called the pseudo-torsion function. However, to maintain the consistency
with the notations for spacelike curves of type Lk , we use the minus sign. We also remark that
the terminology ‘pseudo-binormal vector field’ is not used in [11].
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Proof. By the definition of type Lk in Definition 2.3, the division lemma
2 yields
that there exists a function θˆ(s) such that
(3.1) θ(s) = (s− s0)k θˆ(s) (θˆ(s0) 6= 0)
holds.
On the other hand, since 〈e(s), e(s)〉 = 1, there exist functions α1(s), α2(s) such
that
(3.2) e(s) =

cosh(α1(s)) cos(α2(s))cosh(α1(s)) sin(α2(s))
sinh(α1(s))


holds. Then, κ(s) = e′(s) is given by
(3.3) κ(s) =

α′1 sinhα1 cosα2 − α′2 coshα1 sinα2α′1 sinhα1 sinα2 + α′2 coshα1 cosα2
α′1 coshα1

 .
The causal curvature function θ(s) is calculated as
(3.4) θ(s) = (α′2 coshα1 − α′1)(α′2 coshα1 + α′1).
In the case of ǫ = 1, (3.2) and (3.3) yield
(3.5) e(s)× κ(s) = κ(s) + (α′1 + α′2 coshα1)ξ+(s),
where
ξ+(s) := −

sinhα1 cosα2 − sinα2sinhα1 sinα2 + cosα2
coshα1

 .
Since ξ+(s) 6= 0, we have
α′1(s0) + α
′
2(s0) coshα1(s0) = 0.
If we assume that α′1(s0) − α′2(s0) coshα1(s0) = 0 also holds, we have α′1(s0) =
α′2(s0) = 0. And hence, κ(s0) = 0, which contradicts the assumption of non-zero
curvature vector. So, we have α′1(s0) − α′2(s0) coshα1(s0) 6= 0. By (3.1) and (3.4),
there exists a non-zero function α+(s) such that
α′1(s) + α
′
2(s) coshα1(s) = (s− s0)kα+(s).
Substituting this into (3.5), we have
e(s)× κ(s) = κ(s) + (s− s0)kβˆ(s),
where we set βˆ(s) := α+(s)ξ+(s). Thus, we obtain the desired result. A similar
argument can be applied in the case of ǫ = −1. 
Corollary 3.4. The vector field
β(s) := − 1
θ(s)
(ǫe(s)× κ(s)− κ(s))
can be smoothly extended across s0 ∈ I. (We call such a beta β(s) the pseudo-
binormal vector field along γ(s).)
Proof. By Lemma 3.3,
β(s) = −ǫe(s)× κ(s) − ǫκ(s)
θ(s)
= −ǫ (s− s0)
k βˆ(s)
(s− s0)k θˆ(s)
= −ǫ βˆ(s)
θˆ(s)
holds for s 6= s0, which proves the assertion. 
2The division lemma is also called Hadamard’s lemma. See [3, Lemma 3.4], for example.
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Proposition 3.5. The pseudo-binormal vector field β(s) satisfies
〈β(s),β(s)〉 = 〈e(s),β(s)〉 = 0, 〈κ(s),β(s)〉 = 1,(3.6)
det(e, κ, β) = ǫ.(3.7)
Moreover, setting
(3.8) µ(s) := −〈κ′(s),β(s)〉 ,
we have
(3.9) κ′ = −θe− µκ+
(
µθ +
1
2
θ′
)
β, β′ = −e+ µβ.
In the matrix form,
(3.10) F ′ = F

0 −θ −11 −µ 0
0 µθ + 12θ
′ µ


holds, where we set F := (e, κ, β).
Proof. For s 6= s0, we can verify (3.6). By the continuity, we have (3.6) holds for
arbitrary s. Since det(e, κ, β) = 〈e× κ,β〉 = 〈ǫ(κ− θβ),β〉 = ǫ, we obtain (3.7).
With respect to (3.9), set κ′ = Pe+Qκ+Rβ. Taking the inner products of e, κ,
β, we have P = −θ, Q = −µ, R = µθ + 12θ′, where we used (3.6). Similarly, we
have β′ = −e+ µβ, and hence (3.9) holds. 
The function µ(s) given in (3.8) is called the pseudo-torsion function.
Example 3.6 ([11, Remark 2.2]). Set γ : (−∞,−1)→ L3 as
γ(s) :=
(
cos s+ s sin s, sin s− s cos s, 1
2
(
s
√
s2 − 1− log
(
s+
√
s2 − 1
)))T
.
The causal curvature function θ(s) can be calculated as θ(s) = (s4−s2−1)/(s2−1).
Then, we may check that θ(s0) = 0 and θ
′(s0) 6= 0 hold at s0 = −
√
1 +
√
5/
√
2 (;
−1.272). Hence, γ(s) is of type L1 at s0. The pseudo-torsion function µ(s) can be
calculated as
µ(s) =
√
s2 − 1 (s6 − 2s4 − 2s2 + 2)− s (s4 − 2s2 + 2)
(s2 − 1) (s4 − s2 − 1) .
Although the denominator of µ(s) has zero at s = s0, we can check that µ(s) can be
analytically extended across s = s0, and lims→s0 µ(s) =
√
5
√
5− 11/(2√2) holds.
3.2. Fundamental theorem. We can check that spacelike curves of type L±k are
preserved by orientation preserving isometries. More precisely, we have:
Lemma 3.7. Let γ(s) : I → L3 be a unit speed spacelike curve of type Lǫk at s0 ∈ I,
where ǫ = ±. Also, let T be an isometry of L3, and set γ¯(s) := T ◦ γ(s). Then,
the causal curvature function θ¯(s) of γ¯(s) coincides with that of γ(s). Moreover the
following holds.
• If T is orientation preserving, γ¯(s) is of type Lǫk, and the pseudo-torsion
µ¯(s) of γ¯(s) coincides with the pseudo-torsion µ(s) of γ(s).
• If T is orientation-reversing, γ¯(s) is of type L−ǫk , and the pseudo-torsion
µ¯(s) of γ¯(s) coincides with the pseudo-torsion µ(s) of γ(s).
This lemma can be checked by applying the following identity:
(3.11) (Tv)× (Tw) = (det T )T (v ×w)
for v,w ∈ L3, T ∈ O(2, 1). Hence, we omit the proof.
6
Let γ(s) : I → L3 be a unit speed spacelike curve of type Lεk at s0 ∈ I, where
ε = ±. By a parallel translation, we may assume that γ(s0) = 0. We would like
to find an orientation preserving isometry T ∈ SO(2, 1) of L3 so that the frame
F := (e, κ, β) has simplified form at s0 ∈ I. First, we can find T1 ∈ SO+(2, 1)
such that T1e(s0) = (1, 0, 0)
T . Since κ(s0), β(s0) are lightlike and perpendicular to
e(s0), we have T1κ(s0) = (0, a,±a)T , T1β(s0) = (1/(2a))(0, 1,∓1)T , where a ∈ R
is a non-zero constant. Hence, there exists T2 ∈ SO+(2, 1) such that T2T1F at
s0 ∈ I is given by either E+, E−, E′+ or E′−, where
E+ :=

1 0 00 1/√2 1/√2
0 −1/√2 1/√2

 , E− :=

1 0 00 −1/√2 −1/√2
0 −1/√2 1/√2

 ,
E′+ :=

1 0 00 −1/√2 −1/√2
0 1/
√
2 −1/√2

 , E′− :=

1 0 00 1/√2 1/√2
0 1/
√
2 −1/√2

 .
If we set S := diag(1,−1,−1) ∈ SO(2, 1), then E+ = SE′+ and E− = SE′− hold.
Hence, setting T := ST2T1 ∈ SO(2, 1), we have the following:
If γ(s) is of type Lǫk (ǫ = ±) at s0 ∈ I, then there exists T ∈
SO(2, 1) such that TF(s0) = Eǫ.
By the existence and uniqueness of the ODE (3.10) with the initial condition
F(s0) = Eǫ, we obtain the fundamental theorem of spacelike curves of type L±k :
Theorem 3.8 (Fundamental theorem of spacelike curves of type L±k ). Let I be an
open interval, and fix s0 ∈ I. Also let θ(s), µ(s) be two smooth functions defined
on I satisfying
θ(s0) = θ
′(s0) = · · · = θ(k−1)(s0) = 0, θ(k)(s0) 6= 0
for a positive integer k. Then there exists a unit speed spacelike curve γ(s) : I →
L
3 of type Lǫk at s0 whose causal curvature function and pseudo-torsion function
are given by θ(s) and µ(s), respectively. Moreover, such a curve is unique up to
orientation preserving isometries of L3.
Since the steps to follow are similar as in Euclidean space (e.g. see [13, Theorem
5.2]), we omit the proof.
Corollary 3.9 (Fundamental theorem of spacelike curves of type Lk). Let I be an
open interval, and fix s0 ∈ I. Also let θ(s), µ(s) be two smooth functions defined
on I satisfying
θ(s0) = θ
′(s0) = · · · = θ(k−1)(s0) = 0, θ(k)(s0) 6= 0
for a positive integer k. Then there exists a unit speed spacelike curve γ(s) : I →
L
3 of type Lk at s0 whose causal curvature function and pseudo-torsion function
are given by θ(s) and µ(s), respectively. Moreover, such a curve is unique up to
isometries of L3.
Proof. In Theorem 3.8, we proved that, for each choice of ǫ = ±, there exists a
unit speed spacelike curve γǫ(s) : I → L3 of type Lǫk at s0 whose causal curva-
ture function and pseudo-torsion function are given by θ(s) and µ(s), respectively.
Moreover, such a curve γǫ(s) is unique up to orientation preserving isometries of
L
3. As we see in Lemma 3.7, γ+(s) and γ−(s) are transferred to each other by
isometries of L3. Hence, we have the uniqueness. 
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3.3. Behavior of torsion function. Let γ(s) : I → L3 be a unit speed spacelike
curve of type Lk at s0 ∈ I. Since θ(s) 6= 0 for s near s0, the spacelike curve γ(s)
(s 6= s0) is either of type S or type T . At s 6= s0, the torsion function is defined,
and calculated as follows:
Proposition 3.10. Let γ(s) : I → L3 be a unit speed spacelike curve of type Lk at
s0 ∈ I. Then the torsion function τ(s) of γ(s) (s 6= s0) satisfies
(3.12) τ(s) = −µ(s)− 1
2
θ′(s)
θ(s)
.
Proof. Substituting γ′ = e, γ′′ = κ, γ′′′ = κ′ into det(γ′, γ′′, γ′′′) = −θτ (cf. (2.6),
(2.8)), and applying (3.9), we have (3.12). 
Corollary 3.11. Let γ : I → L3 be a unit speed spacelike curve of type Lk at
s0 ∈ I. Then, the torsion function τ(s) is unbounded at s0. More precisely,
lim
s→s0
(s− s0) τ(s) = −1
2
k
holds.
Proof. Substituting θ(s) = (s−s0)kθˆ(s) into (3.12), we have τ = −µ− 12
(
k
s−s0
+ θˆ
′
θˆ
)
.
Hence,
(s− s0) τ(s) = −(s− s0)µ(s)− 1
2
(
k + (s− s0) θˆ
′(s)
θˆ(s)
)
→ −1
2
k
holds as s→ s0. 
Let γ(s) be the spacelike curve of type L1 given in Example 3.6. The torsion
function τ(s) can be calculated as
τ(s) =
−s6 + 2s4 + 2s2 − 2√
s2 − 1 (s4 − s2 − 1) ,
which is unbounded at s0 = −
√
1 +
√
5/
√
2. We can check that lims→s0(s −
s0)τ(s) = −1/2, which verifies Corollary 3.11.
4. Planar condition for spacelike curves
In this section, we deal with the condition for spacelike curves to be planar.
First, after reviewing the known facts (Fact 4.1), we show that every spacelike
curve of type L must be planar (Proposition 4.2). Then, we give a necessary and
sufficient condition for real analytic spacelike curve with non-zero curvature vector
to be planar (Theorem 4.3). Finally, as another application of Proposition 4.2, we
derive an integral representation formula of spacelike curve of type L (Corollary
4.4).
4.1. Planarity. We first review the following fact given in [11]:
Fact 4.1 ([11, Theorems 2.3, 2.4]). Let γ : I → L3 be a spacelike curve.
• Assume that γ(s) is of type S or type T . Then, γ(s) is included in an affine
plane if and only if its torsion function is identically zero.
• Assume that γ(s) is of type L. If the pseudo-torsion µ(s) is identically zero,
then γ(s) is included in a lightlike plane.
We remark that, in [11], it is pointed out that the converse of the second assertion
of Fact 4.1 does not hold, by showing an example of a spacelike curve γ(s) of type
L with non-zero pseudo-torsion µ(s) 6≡ 0 such that the image of γ(s) is included in
the plane y = z in [11, Page 62]. So, it is natural to ask when a spacelike curve of
type L is planar. The following gives an answer to this question:
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Proposition 4.2. Every spacelike curve of type L is a planar curve included in a
lightlike plane.
Proof. Let γ : I → L3 be a spacelike curve type L parametrized by arclength. Fix
a point s0 ∈ I. Set a function F (s) to be F (s) := 〈γ(s)− γ(s0),κ(s0)〉 . It suffices
to show F (s) ≡ 0. A direct calculation yields
(4.1) F (s0) = 0, F
′(s) = 〈e(s),κ(s0)〉 , F ′(s0) = 0.
Set Fˆ (s) := F ′′(s) = 〈κ(s),κ(s0)〉. Then, (2.10) yields Fˆ ′(s) = µ(s)Fˆ (s). With the
initial condition Fˆ (s0) = 0, we have
(4.2) Fˆ (s) (= F ′′(s) = 〈κ(s),κ(s0)〉) ≡ 0
holds. So, F ′(s) is a constant function. The initial condition in (4.1) yields F ′(s) ≡
0. By a similar argument, we have F (s) ≡ 0. 
Then, we have the following:
Theorem 4.3. Either
(i) a spacelike curve of type S with vanishing torsion,
(ii) a spacelike curve of type T with vanishing torsion, or
(iii) a spacelike curve of type L
is included in an affine plane in L3. Conversely, any real analytic spacelike curve
with non-zero curvature vector which is included in an affine plane must be (i), (ii)
or (iii). In particular, any spacelike curve of type Lk never be planar.
Proof. Since the first assertion is obtained by Fact 4.1 and Proposition 4.2, we show
the second assertion. Let γ(s) : I → L3 be a real analytic spacelike curve with non-
zero curvature vector. By the analyticity, γ(s) must be of type S, T , L or Lk. If
γ(s) is of type S or of type T , Fact 4.1 implies that the planarity condition is given
by τ(s) ≡ 0. If γ(s) is of type L, then it is automatically planar by Proposition 4.2.
So, it suffices to show that if γ(s) is of type Lk, then γ(s) never be planar. Assume
that γ(s) is of type Lk at s0 ∈ I, and that γ(s) is included in an affine plane.
Since γ(s) is of type S or of type T for s 6= s0, the torsion τ(s) of γ(s) (s 6= s0) is
identically zero. However, by Corollary 3.11, τ(s) is unbounded at s = s0, which is
a contradiction. Hence, any spacelike curve of type Lk never be planar. 
4.2. Representation of spacelike curves of type L. First, we consider the
orientation of spacelike curves of type L. Let γ : I → L3 be a unit speed spacelike
curves of type L. Set e := γ′, κ := γ′′ and denote by β the pseudo-binormal vector
field along γ (cf. (2.9)). Fact 2.1 implies that e(s) × κ(s) = ǫκ(s) holds for each
s ∈ I, where ǫ = ±. Hence, γ(s) is said to be of type L+ (resp. type L−), if
e(s)× κ(s) = κ(s) (resp. e(s)× κ(s) = −κ(s))
holds. We have
detF = det(e,κ,β) = 〈e× κ,β〉 = ǫ 〈κ,β〉 = ǫ.
Hence, a spacelike curve is of type L+ (resp. L−) if and only if detF = 1 (resp.
detF = −1). We can check that such an orientation will be changed by orientation-
reversing isometries T ∈ O(2, 1), or a parameter change s 7→ −s.
By the proof of Proposition 4.2, we have the following:
Corollary 4.4. Let µ(s) be a function on an interval I, take a point s0 ∈ I and
ǫ = ±. Set µˆ(s) := ∫ s
s0
µ(t) dt. Then,
(4.3) γ(s) =
(
ǫs,−
∫ s
s0
α(t) dt,
∫ s
s0
α(t) dt
)T (
α(s) :=
∫ s
s0
e−µˆ(t) dt
)
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is a unit speed spacelike curve of type Lǫ whose pseudo-torsion function is given by
µ(s). Conversely, up to an orientation preserving rigid motion of L3, every unit
speed spacelike curve of type Lǫ is given by in this manner.
Proof. We shall prove the latter assertion. Let γ : I → L3 be a spacelike curve of
type L parametrized by arclength. Fix a point s0 ∈ I. By an orientation preserving
isometry of L3, we may set κ(s0) = (0,−1, 1)T . By (4.2), 〈κ(s),κ(s0)〉 ≡ 0. Since
κ(s) is a lightlike vector field, κ(s) is parallel to κ(s0). Namely, there exists a
function r(s) such that κ(s) (= γ′′(s)) = r(s) (0,−1, 1)T . Hence, there exists ǫ = ±1
such that
e(s) (= γ′(s)) = (ǫ,−α(s), α(s))T
(
α(s) :=
∫ s
s0
r(t) dt
)
.
A direct calculation yields that e(s) × κ(s) = ǫκ(s), which implies ǫ = 1 (resp.
ǫ = −1) if γ is of type L+ (resp. L−). So, it suffices to show that the pseudo-torsion
µ(s) is given by µ(s) = −(log |r(s)|)′. Since
b(s) =
−1
2r(s)
(
2α(s), 1− α(s)2, 1 + α(s)2)T
gives the pseudo-binormal vector field, we have µ(s) = −〈κ′(s),β(s)〉 = −r′(s)/r(s).
Hence, we have the desired result. 
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